



















A harmonic mean inequality for the
q−gamma and q−digamma functions
Mohamed BOUALI
Abstract
We prove amongs others results that the harmonic mean of Γq(x)
and Γq(1/x) is greater than or equal to 1 for arbitrary x > 0 and q ∈ J
where J is a subset of [0,+∞). Also, we prove that for there is p0 ∈
(1,9/2), such that for q ∈ (0,p0), ψq(1) is the minimum of the har-
monic mean of ψq(x) and ψq(1/x) for x > 0 and for q ∈ (p0,+∞), ψq(1)
is themaximum. Our results generalize some known inequalities due
to Alzer and Gautschi.
1 Preliminaries and notations
The q-analogue of the Γ function, denoted by Γq(x), was introduced by [20]
as




1− qn+x , 0 < q < 1, (1.1)
and




1− q−(n+x) , q > 1, (1.2)
for x > 0. It was proved in [23] that Γ(x) = limq→1− Γq(x) = limq→1+ Γq(x).





. The derivatives ψ′q,ψ′′q ,...are called the q-polygamma functions. In
[22], it was shown that limq→1−ψq(x) = limq→1+ψq(x) = ψ(x). From the
1
definitions (1.1) and (1.2) one can easily deduce that for 0 < q < 1,










and for q > 1,
















































(1− q−(n+x))2 , q > 1,
(1.6)
One deduces that ψq is strictly increasing on (0,+∞).






If we take logarithm of both sides of (1.7) and then differentiate, we find






In [21], it was proved that the function q 7→ ψq(1) decreases on (0,1),
and q 7→ ψq(2) increases on (0,1). Then ψq(1) ≤ ψ0(1) = 0 and 0 = ψ0(2) ≤
ψq(2).
Proposition 1.1 The function ψq (0 < q) has a uniquely determined positive
zero on (1, 32), which we denote by xq.
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Proof. Let q ∈ (0,1), the function ψq is strictly increasing on (0,+∞) and
ψq(1) ≤ 0 and ψq(2) ≥ 0. Then ψq has a unique zero in (1,2). Furthermore,




q−1 ) < ψq(x + 1) for all x > 0
and q > 0. Then for x = 12 and q ∈ (0,1] we get ψq(32) > 0. Moreover, for
q > 1, ψq(
3
2 ) = ψ 1q
(32). Since, the function ψq is strictly monotone on (0,+∞)
for all q > 0, hence xq ∈ (1, 32 ).
In [3] H. Alzer proved for x > 0,
ψ′′(x) + (ψ′(x))2 > 0. (1.8)
The author rediscovered it in [8] and used it to prove interesting inequal-
ities for the digamma function, see [1, 3, 4]. Alzer and Grinshpan in [4]
obtained a q-analogue of (1.10) and proved that, for q > 1 and all x > 0,
ψ′′q (x) + (ψ
′
q(x))
2 > 0. (1.9)
The author in [11] provided another q-extension of (1.10) and proved that
ψ′′q (x) + (ψ
′
q(x))
2 − logq(ψ′q(x)) > 0, (1.10)
for all q > 0 and all x > 0. The following lemma is due to Alzer [4].
Lemma 1.2 For every q > 0 and x ≥ 1,
xψ′q(x) + 2ψq(x) ≥ 0.
We start with the following lemma which proves the convergence as
q→ 1 of the mth derivatives ψ(m)q (x) to ψ(m)(x) for all x > 0.
Lemma 1.3 The function ψ
(m)
q (x) converges uniformly to ψ
(m)(x) as q→ 1 on
every compact of (0,+∞) for all m ≥ 0, where ψ(m)q respectively ψ(m) is the mth
derivatives of the psifunction respectively the q-psifunction.





Firstly, we prove the lemma for q ∈ (0,1). We have




Recall the Faà di Bruno formula for the nth derivative of f ◦ g , see for
instance [14]. For m ≥ 0,












where k = k1 + ...+ km and summation is over all naturel integers k1, ...,km
such that k1 + 2k2 + ... +mkm = m. In our case, g
(i)(x) = (logq)iqx+n and














Remark that for k ≤m− 1, x > 0 and n ≥ 0, limq→1−(logq)m+1 q
k(n+x)
(1−qn+x)k+1 = 0.
That is to say, the only termwhich contributes in the limit of (logq)m+1 q
k(n+x)
(1−qn+x)k+1
as q→ 1− is when k =m. In this case, we have k1 =m, k2 = k3 = ... = km = 0.















One shows that the functions q 7→ −qy log(qy)/1−qy and y 7→ − log(qy)/1−qy
increases and the functions y 7→ −qy log(qy)/1− qy and q 7→ − log(qy)/1− qy
decreases for all y > 0 and q ∈ (0,1).








Since, m ≥ 1 then k ≥ 1 and






































(x) if m = 1, ψ
(m)




(x) if m ≥ 2. The result follows from
the case q ∈ (1/2,1).
The case m = 0 is proved in [22].




Proof. By differentiation we find f ′(x) = ψq(x)+xψ′q(x). By Lemma 1.2, we
get, for every x ≥ 1, f ′(x) ≥ −ψq(x). If x ∈ [1,xq] then f ′(x) ≥ 0 and then f
increases. For x ≥ xq, the functions x 7→ ψq(x) and x 7→ x are positive and
increase then f increases too.
To study the monotony of g , firstly remark that, g(x) = xψq(x)Γq(x).
From the previous item and for 1 ≤ x ≤ xq we have the function −xψq(x)
is positive and decreases and the function Γq(x) is positive and decreases.
Then g increases too.
If x ≥ xq, since g(x) = xΓ′q(x) which is a product of two positive increas-
ing functions then g is an increasing function.
Lemma 1.5 The function xψ′q(x) is strictly decreasing on (0,+∞) for all q ∈
(0,1), and the function x2ψ′q(x) increases on (0,+∞) for all q > 1.
Proof. 1) Let u(x) = xψ′q(x). By the integral representation of the q-
digamma function we have,







The function t 7→ t/(1− e−t) increases on (0,+∞). Then, for t ∈ (0, 1x ),
(1− tx)e−xt t
1− e−t ≤ (1− tx)e
−xt 1
x(1− e− 1x )
.
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For t ∈ (1x ,+∞), 1− tx ≤ 0 and 1/x(1− e−
1




1− e−t dγq(t) ≤
1



























1+ x logq − qx
1− qx < 0,
for all x ∈ (0,+∞) and q ∈ (0,1). Then, u is strictly decreasing on (0,+∞).
2) Assume q > 1, and let
ϕ(x) = x2ψ′q(x),
then,
ϕ′(x) = x(2ψ′q(x) + xψ
′′
q (x)) ≥ x(2ψ′q(x)− x(ψ′q(x))2 + x(logq)ψ′q(x)).
Thus,
ϕ′(x) ≥ xψ′q(x)(2− xψ′q(x) + (logq)x) = xψ′q(x)(2− xψ′1
q
(x)).
We saw that for q > 1, the function x 7→ xψ′1
q
(x) decreases on (0,+∞), then




On the other hand the function α 7→ ψ′α(1) increases on (0,1) and by







Proposition 1.6 The functions Gq(x) =
ψ′q(x)
ψq(x)




(1,+∞) for all q ∈ (0,1].
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If x ∈ (xq,+∞) then ψq(x) ≥ 0 and ψ′′q (x) ≤ 0 and the result follows. That is
to say, the function Gq(x) =
ψ′q(x)
ψq(x)
decreases on (xq,+∞) for all q ∈ (0,1).
In order to prove G′q(x) ≤ 0 for x ∈ (1,xq), it is enough to show that for
all q ∈ (0,1),
ψ′′q (x)ψq(x)− (ψ′q(x))2 ≤ 0.
For x > 0 and q > 0, the inequality ψ′′q (x) ≥ −(ψ′q(x))2+(logq)ψ′q(x) is proved
in [10]. So,
ψ′′q (x)ψq(x)− (ψ′q(x))2 ≤ −(ψ′q(x))2ψq(x) + (logq)ψ′q(x)ψq(x)− (ψ′q(x))2.
Which is equivalent to






















Hence, θ′q(x) ≥ ψ′′q (x)ψq(x) ≥ 0 for all x ∈ (1,xq). Thus, θq(x) increases on
(1,xq), and
θq(x) ≥ θq(1) = ψ′q(1)ψq(1) +ψ′q(1)− (logq)ψq(1).




In [12], it is proved that the function Fq(x) = ψq(x+1)− log(1−q
x+12
1−q ) is com-
pletely monotonic on (0,+∞) for all q > 0. Then, F ′q(x) ≤ 0, which implies
that




























q−1 ≥ 0 for all q ∈ (0,1). It is enough to prove that for all q ∈ (0,1),














1− qn +n logq +n2(√q − 1)logq
)
.
For x ≥ 1, and q ∈ (0,1), defines the function
g(x) = 1− qx + x logq + x2(√q − 1)logq.
By differentiation we find
g ′(x) =
(





−2+2√q − qx logq
)
logq,
g ′′′(x) = −qx(logq)3.
For q ∈ (0,1), we have g ′′′(x) > 0 for all x ≥ 1, then
g ′′(x) ≥ g ′′(1) = −
(
2− 2√q + q logq
)
logq.
Let v(q) = 2−2√q+q logq, then v′(q) = − 1√q+1+logq and v′′(q) = 1q+12q−
3
2 ≥ 0
and v′(q) ≤ v′(1) = 0. Thus, v(q) decreases and v(q) ≥ v(1) = 0. Which
implies that, g ′′(x) ≥ 0, and for q ∈ (0,1),
g ′(x) ≥ g ′(1) = −(√q − 1)2 logq > 0,
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hence,
g(x) ≥ g(1) = 1− q+√q logq.
Setting w(q) = 1− q+√q logq. Then,













2 logq > 0.
Then, w′(q) ≤ w′(1) = 0, and w(q) ≥ w(1) = 0. This implies g(n) ≥ 0 for
all n ∈ N, and u(q) ≥ 0 for all q ∈ (0,1). On other words, θq(1) ≥ 0 for all
q ∈ (0,1). Which gives the desired result.
2) To prove that ϕq(x) = x
ψ′q(x)
ψq(x)
decreases. Remark that for x ∈ (1,xq) the
function −Gq(x) increases and is positive. Then −ϕq(x) increases on (1,xq).
For x ∈ (xq,+∞) and q ∈ (0,1) and by Lemma 1.5 we have xψ′q(x) de-
creases and is positive. Moreover, 1ψq(x)
decreases and is positive for all
q ∈ (0,1). Then, ϕ(x) decreases on (xq,+∞) for all q ∈ (0,1), and the conclu-
sion follows.
3) For q = 1 the result remains true by using Lemma 1.3.
4) For the monotony of the function ϕ1(x), we use the same method as
above and Lemma 1 in [2].
The result of Proposition 1.6 is not true for all q > 1 and all x > 1. But
it remains true with some extra conditions on q. For sake of simplicity
we prove it on separate proposition. To do this we need some auxiliary
results.
















2 > 0 on (0,+∞) for all q > 0. By the series expansion of the q-





















For k = 1, and q ∈ (0,1), the proof reminds the same as the above case.













(x) + logq)− (ψ′′1
q




(x) logq ≥ 0










, and the re-
sult follows from the first item. Which implies that the function Sq,k(x)
increases on (0,+∞) for all q > 0 and all k ≥ 1.
In the sequel we give some monotonic results involving the functions
q-polygamma with respect to the variable q and fixed x.
Lemma 1.8
(1) For every x > 0, the function q 7→ ψ′q(x) increases on (0,1).
(2) The function q 7→ ψq(x) − ψq(1) decreases on (0,+∞) for x ∈ (0,1] and
increases for x ∈ [1,+∞)
Proof. 1) Recall that for q ∈ (0,1)











For y > 0 and q ∈ (0,1), let τ(q) = (logq)2qy
(1−qy )2 . Differentiation of τ(q) yields,
τ′(q) =






To show that τ(q) increases it is sufficient to show that β(q) =
2−2qy
(1+qy )y +




≥ 0 q > 0,
and β(1) = 0, so β(q) ≤ 0 for 0 < q ≤ 1. Thus τ(q) is an increasing function
of q, and so ψ′q(x) is an increasing function of q, for q ∈ (0,1) and all x > 0.
2) Firstly, remark that the function x 7→ ψq(x)−ψq(1) is non-positive on












1−qn . Differentiate with respect to q yields
∂qR(x,q) =
nq−1+n−nx(1− qnx − x(1− qn))
(qn − 1)2 .
Since, q 7→ ∂q(1 − qnx − x(1 − qn)) = nxqn−1(1 − qn(x−1)) ≥ 0 for x ∈ (0,1]
and ≤ 0 for x ≥ 1. Then, 1 − qnx − x(1 − qn) ≥ 0 for x ∈ (0,1] and ≤ 0 for
x ≥ 1 and all q ≥ 1. Thus, the function q 7→ R(x,q) increases on [1,+∞)
for all x ∈ (0,1] and decreases for x ≥ 1. Then, the function q 7→ E(x,q)
decreases on [1,+∞) for all x ∈ (0,1], and is non-positive. Moreover, it
increases on [1,+∞) for all x ≥ 1, and non-negative. Which implies that
q 7→ ψq(x) − ψq(1) decreases on [1,+∞) for x ∈ (0,1] and increases for all
x ≥ 1.
Let q ∈ (0,1] and x > 0, then ψq(x)−ψq(1) =
∫ x
1
ψ′q(t)dt. Using item 1),
one deduces that ψq(x)−ψq(1) is an increasing function of q for x ≥ 1 and
is a decreasing function of q for x ∈ (0,1].
Lemma 1.9
(1) For x > 0, the function q 7→ ψ′′q (x) decreases on (0,1) and increases on
[1,+∞).
(2) For x > 0, The function q 7→ ψ′q(x) increases on (0,+∞).
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(3) The function q 7→ ψq(x) decreases on (0,∞) for all x ∈ (0,1] and increases
on (0,+∞) for all x ≥ 2.










A first differentiation with respect to q gives
∂qh(q,a) =
q−1+a(logq)2a(1 + qa(4 + qa))
(−1+ qa)4 (
3− 3q2a
a(1 + qa(4 + qa))
+ logq))
=





q(1 + qa(4 + qa))2
,
and m(1,a) = 0 for all a > 0. Hence, ∂qh(q,a) ≥ 0 for q ≥ 1 and ∂qh(q,a) ≤ 0
for q ∈ (0,1] and for all a > 0. Thus, q 7→ h(q,a) decreases on (0,1] and
increases on [1,+∞) for all a > 0. Which gives the desired result.
2) Let 0 < p < q. By the mean value theorem we have for all x > 0 there
is c such that
ψ′p(x)−ψ′q(x) = ψ′p(1)−ψ′q(1) + (x − 1)(ψ′′p (c)−ψ′′q (c)).
a) If x ∈ (0,1) then c ∈ (x,1). Moreover, by the previous item ψ′′p (c) −
ψ′′q (c) ≥ 0 and ψ′p(1)−ψ′q(1) ≤ 0. Then ψ′p(x)−ψ′q(x) ≤ 0.
b) If x ∈ (1,+∞) then c ∈ (1,x). Moreover, by the previous item ψ′′p (c)−
ψ′′q (c) ≤ 0 and ψ′p(1)−ψ′q(1) ≤ 0. Again ψ′p(x)−ψ′q(x) ≤ 0.
3) We saw that q 7→ ψq(1) decreases and by item 2) of Lemma 1.8, the
function q 7→ ψq(x) −ψq(1) decreases on (0,1] for all x ∈ (0,1]. Then, q 7→
ψq(x) is a decreasing function of q, q ∈ (0,1] and all x ∈ (0,1].




function q 7→ ψq(2) increases, using item 2), we deduce the desired result.
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Corollary 1.10 For x ≥ 2, the function q 7→ xψ′q(x) + 2ψq(x) increases on
(0,∞). In particular, for any q ≥ 1 and x ≥ 2 we have
xψ′q(x) + 2ψq(x) ≥ xψ′(x) + 2ψ(x).
Proof. 1) Let u(q,x) = xψ′q(x) + 2ψq(x). Differentiate u(q,x) with respect




q (x). In Lemma 1.10 it is proved that
q 7→ ψ′′q (x) increases on [1,+∞) and decreases on (0,1), q 7→ ψ′q(x) increases
on (0,+∞) for x > 0 and the function x 7→ ψq(x) increases on (0,+∞) for
x ≥ 2. Then, for 1 ≤ p < q we have ∂xu(p,x) ≤ ∂xu(q,x). Integrate on [2,x]
gives
u(p,x)− u(q,x) ≤ u(p,2)− u(q,2).
Which is non-positive. Then, for every x ≥ 2, u(p,x) ≤ u(q,x).
Proposition 1.11 Let q > 0.
1. The function Gq(x) =
ψ′q(x)
ψq(x)
decreases on (1,+∞) for all q ≥ 1.
2. The function ϕq(x) = x
ψ′q(x)
ψq(x)
decreases on (1,xq) for all q > 1, and it de-















69) ≃ 1.75488 is the unique
positive solution of (
√
q)3 −√q − 1 = 0.





Since, ψ′′q (x) ≤ 0 and for x > xq, ψq(x) > 0 for all q > 0. Hence, G′q(x) ≤ 0
and Gq(x) decreases on (xq,+∞) for all q > 0



































Using Proposition 1.6, we get G′q(x) ≤Hq(x).

















1−αn+x logα − 2
) αx+n
1−αn+x + logα.






















2+8αn+x +6α2(n+x) +2αn+x(2 +αn+x)(−3+2x) logα
)
.
It seems to be clear that µ′α(x) < 0 for x ∈ [1,3/2] and α ∈ (0,1), thus µα(x)
decreases on [1,3/2]. Furhermore, µα(3/2) < 0 and µα(1) = 2(−1+α2(n+1))−
(1 +αn+1(4 +αn+1)) logα.
If µα(1) ≤ 0, then κ′α(x) ≥ 0 for all x ∈ [1,3/2] and then, κα(x) ≤ κα(3/2) ≤
0 and Kα(x) ≤ 0.
If µα(1) > 0, then there is a unique x0 ∈ (1,3/2) such that κα(x) de-
creases on (1,x0) and increases on (x0,3/2). That is to say, κα(x) ≤max(κα(1),κα(3/2)).
One can see that, κα(3/2) ≤ 0, thus, Kα(x) ≤max(0,Kα(1)). So, to prove that









Since, ψ′α(1) ≥ 0 and ψ′α(1) = ψ′1
α
+ logα, then Kα(1) ≤ −12 (ψ′′α(1) + 2ψ′1
α
(1)).
Using Lemma 1.10 and Lemma 1.3, then the function α 7→ ψ′′α(1) +2ψ′1
α
(1)





(1) ≥ ψ′′(1) + 2ψ′(1) > 0.





−ϕq(x) is a product of two positive increasing functions. Then ϕq(x) de-
creases on (1,xq).










Since, by Lemma 1.5 the function xψ′1
q
(x) decreases and is positive and
1
ψq(x)










2v′q(x) = ψq(x) − xψ′q(x). Moreover, the
derivative of the right hand side is −xψ′′q (x) which is positive. Then the
function ψq(x) − xψ′q(x) increases on (xq,+∞), furthermore, by easy com-
putation we have lim
x→+∞ψq(x)− xψ
′
q(x) = − log(
√
q(q −1)) ≤ 0 for q ≥ q0. The
case q ∈ (0,1) follows from Proposition 1.6. One deduces that ϕq(x) de-
creases.




q(x)(ψq(x)− xψ′q(x)) + xψq(x)ψ′′q (x) ≤ 0.





1− q−n ≤ q
−x q







|ψ′′q (x)| ≤ aqq−x. (1.11)
Following the same method, there is bq, cq ≥ 0, such that,
|ψq(x)| ≤ bq + (logq)x + cqq−x. (1.12)
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From inequality (1.11) and (1.12), we get lim
x→∞xψq(x)ψ
′′




0. Also we saw that lim
x→+∞ψ
′
q(x) = logq, then




2 − q 12 − 1 ≥ 0.
Which implies that q ∈ [q0,+∞).
Out[64]=









Corollary 1.12 For every q > 0, the function |ψq(x)| is logarithmic concave on
(1,+∞).
Proof. For x > 0 x , xq, let hq(x) = log(|ψq(x)|). Then, h′q(x) = Gq(x), and
h′′q (x) = G′q(x) ≤ 0, and the result follows by Proposition 1.6 and Proposi-
tion 1.11.
In the proposition below we provided an extension of the result of
Lemma 1.10.
Proposition 1.13 For x ≥ 1, q > 0 and a ∈ R, we set h(x,a,q) = xψ′q(x) +
aψq(x). Then For a given q > 0, h(x,a,q) ≥ 0 for all x ≥ 1 if and only if





In particular ψ′q(x) +ψq(x) ≥ 0 and ψ′q(x) + 2ψq(x) ≥ 0 for all q > 0.





≥ 2 for all q > 0.
Proof. By Proposition 1.11 and 1.6, we have the function ψ′q(x)/ψq(x)








So, for x ∈ [1,xq),
ψ′q(x) + aψq(x) = ψq(x)(
ψ′q(x)
ψq(x)
+ a) ≥ ψq(x)(
ψ′q(1)
ψq(1)
+ a) ≥ 0.
Thus, for x ≥ xq, ψ′q(x) ≥ 0 and aψq(x) ≥ 0 and the result follows.
For the converse. If for all x ≥ 1, ψ′q(x) + aψq(x) ≥ 0, then for x = 1, we




. Moreover, as x→ +∞, we get for q ∈ (0,1), −a log(1− q) ≥ 0




then a ≥ 0.
Remark that ψ′q(1)+2ψq(1) ≥ 0, then −ψ′q(1)/ψq(1) ≥ 2. On deduces the
result for a = 1 and a = 2.
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2 Harmonic mean of the q−gamma function
Our first main result is a generalization of Gautschi inequality in [18]. We




q > 0;ψq(1)− (ψq(1))2 +ψ′q(1) ≥ 0
}
.
By Lemma 1.2, we have ψ′q(1) ≥ −2ψq(1), then ψq(1)− (ψq(1))2+ψ′q(1) ≥
−ψq(1)(1 + ψq(1)). Furthermore, one shows by induction that 4n − 1 ≥






















log2 ≃ 0.00407 > 0.
Since, ψq(1) < 0 and the function q 7→ 1 +ψq(1) decreases on (0,+∞), then
[0,4] ⊂ J
Numerical computation show that ψ10(1)− (ψ10(1))2 +ψ′10(1) ≃ −0.072,
then J  [0,10).
Lemma 2.1 For q > 0, and x ≥ 1, let θ1(x) = xψq(x)Γq(x) . Then
1) for q ∈ J , θ1(x) increases on [1,xq].
2) for q < J there is a unique yq ∈ (1,xq) such that, θ1(x) decreases on (1,yq)
and increases on [yq,xq].








1) Let q ≥ 1, by Lemma 1.4 the function xψq(x) increases, moreover, it
is non positive on [1,xq] then x
2(ψq(x))
2 decreases. By Lemma 1.5, the
function x2ψ′q(x) increases. Then, for all q > 1 and all x ∈ [1,xq]
xψq(x) + x
2ψ′q(x)− (xψq(x))2 ≥ ψq(1)− (ψq(1))2 +ψ′q(1).
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The right hand side is positive for every q ∈ J ∩ [1,+∞). We conclude that
that θ1(x) increases on (1,xq) for all q ∈ J ∩ [1,+∞).
















Since, xψq(x) increases on (1,+∞), then 1 + xψq(x) ≥ 1 +ψq(1) ≥ 1 − γ > 0,
and for x ∈ (1,xq] ψq(x) ≤ 0. Which implies that θ1(x) increases on (1,xq)
for all q ∈ (0,1].
2) If q < J , then q > 1 and ψq(1) − (ψq(1))2 + ψ′q(1) < 0. Moreover, the
function xψq(x) + x
2ψ′q(x)− (xψq(x))2 increases on [1,xq] and is positive at
x = xq, then there is a unique yq ∈ (1,xq) such that θ1(x) decreases on (1,yq)
and increases on (yq,xq).








1) (a) For q ∈ J , The function fq(x) decreases on (0,1] and increases on
[1,+∞).
(b) For q < J , the function fq(x) decreases on (0,1/yq]∪ [1,yq] and in-
creases on [1/yq,1]∪ [yq,+∞).
2)
(a) For every x > 0 and q ∈ J , the function gq,x(α) increases on (0,+∞).




increases on (0, 1yq ]∪ [yq,+∞).
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The sign of equalities hold if and only if x = 1.




One shows that yq → 1 as q→ 1.
Proof. 1) A direct calculation gives











1) Let q ∈ J . Since, for x ≥ 1, we have x ≥ 1x and by performing the
relation between fq and θ1 and Lemma 2.1, we get f
′
q (x) ≥ 0 for x ∈ [1,xq).
Now, for x > xq, θ1(x) ≥ 0, θ1(1/x) ≤ 0 and fq(x) ≥ 0. Then fq increases on
[1,+∞). Moreover, fq(x) = fq(1/x), hence fq(x) decreases on (0,1].
For q < J . Applying Lemma 2.1, we get for x ∈ (1,yq), f ′q (x) ≤ 0 and
f ′q (x) ≥ 0 on (yq,xq). It follows that fq(x) decreases on (1,yq) and increases
on [yq,xq]. If x ≥ xq, as above we have f ′q (x) ≥ 0 and fq(x) increases. By the
relation fq(x) = fq(1/x) we get the desired result.





. On the first hand, we have
ϕ(α) = fq(x
α),
and ϕ′(α) = xα log(x)f ′q (xα). Applying item 1), we deduce that ϕ′(α) ≥ 0
for all α ≥ 0. This completes the proof.
As consequence we have the following two corollaries.











Corollary 2.4 Letting q → 1, we get that f (x) = Γ(x)Γ(1/x)
Γ(x) + Γ(1/x)
, decreases on
(0,1] and increases on [1,+∞).















Now we provide another generalization of the result of Proposition 2.2
when q ∈ (0,1).
For m ∈ R and a,b > 0, we set Hm(a,b) = (am+bm2 )
1
m .
Proposition 2.5 Let Gm,q(x) =Hm(Γq(x),Γq(
1
x ))
(1) For q ≥ 1, the functionGm,q(x) decreases on (0,1) and increases on (1,+∞)





(2) For q > 0 and m ≥ 1ψq(1) the function Gm,q(x) decreases on (0,1) and
increases on (1,+∞).
As a consequence, for q = 1, we getm ≥ 1γ − pi
2
6γ . This case is proved by Alzer
[5]. For m = −1, we recover the result of Proposition 2.2.
Remark thatψ′q(1)+ψq(1) ≥ ψ′q(1)+2ψq(1) ≥ 0, then −(ψ′q(1)+ψq(1))/(ψq(1))2 ≤
0 for all q > 0.
Proof. We use a method of Alzer in [5]. Let um,q(x) = logGm,q(x). If the
inequality in the Proposition is true for all x > 0, then, um,q(x) ≥ um,q(1) =
0, and u′m,q(1) = 0. Then,
u′′m,q(1) = (m− 1)(Γ′q(1))2 + Γ′q(1) + Γ′′q (1) ≥ 0.






q (1)− (Γ′q(1))2, we conclude
that






To prove the converse. First, remark that the function m 7→Hm(a,b) in-





We shall prove that the function Gm,q(x) satisfies, Gm,q(x) ≥ Gm,q(1). We
have gm,q(x) = gm,q(1/x), so that it is enough to show that Gm,q(x) is strictly









































If x ≥ xq, then vm,q(x) ≥ 0 and vm,q(1/x) < 0, hence G′m,q(x) > 0 and Gm,q(x)
increases on [xq,+∞) for all q > 0 and all m ∈ R.














Since, for m ≥ 0 and x ∈ (1,xq) the right hand side is positive for all q > 0.










and by Lemma 1.4 and Lemma 1.5, we get for all q > 1 and all x ∈ (1,xq)
xψq(x) +m(xψq(x))
2 + x2ψ′q(x) ≥ ψq(1) +m(ψq(1))2 +ψ′q(1) ≥ 0.
Which implies that Gm,q(x) increases on (1,+∞).
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Then, m ≥ −(ψq(1) +ψ′q(1))/(ψq(1))2 and the result is deduced by the first
item.














If m ≥ 0, then 1−mxψq(x) ≥ 0 and v′m,q(x) ≥ 0.
If m ∈ [1/ψq(1),0), by applying Lemma 1.4, we get 1 −mxψq(x) ≥ 1 −
mψq(1) ≥ 0. Then
v′m,q(x) ≥ 0.
Then G′m,q(x) ≥ 0 and Gm,q(x) increases on (1,+∞).
3 Harmonic mean of the q−digamma function
In this section we give some generalization of Alzer’s and Jameson’s in-
equalities proved in [7].





Proof. Recall that, for x > 0,










δ(t + k logq), 0 < q < 1
t, q = 1
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It is enough to prove the proposition for x ∈ (0,1). Let






















One deduces that, f is strictly increasing on (0,1). Then f (x) < f (1) for
all x ∈ (0,1). By the symmetry f (1/x) = f (x), one deduces the result on
(0,+∞).












Lemma 3.3 For every x > 0 and q > 0,
ψ′′′q (1 + x) < −
qx(1 + qx)
(1− qx)3 (logq)
3 < ψ′′′q (x),
ψ′′q (x) < −
qx
(1− qx)2 (logq)
2 < ψ′′q (1 + x).
Proof. By the Lagrange mean value theorem there is z ∈ (x,x+1) such that
ψ′′q (1+x)−ψ′′q (x) = ψ′′′q (z). As the function ψ′′′q (x) is strictly decreasing and
by the relation ψ′′q (1+x)−ψ′′q (x) = −q
x(1+qx)
(1−qx)3 (logq)
3, one deduces the desired
result. The second inequality follows by a same method.
Let
I = {q > 0,ψ′q(1) +ψ′′q (1) ≥ 0}.
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Lemma 3.4 There is a unique p0 ∈ (1, 92), such that ψ′q(1) +ψ′′q (1) ≥ 0 if and
only if q ≥ p0 and I = [p0,+∞).
Numerical computation shows that p0 ≃ 3.239945.
Proof. Let
u(q) := ψ′q(1) +ψ
′′
q (1),
and I = {q > 0,u(q) ≥ 0}. It was proved in Lemma 1.5 that xψ′q(x) is strictly





q (1) = ψ
′(1) +ψ′′(1) = ζ(2)−2ζ(3) ≃ −0.759. Then I ⊂ (1,+∞).
By Lemma 1.10 We saw that the function q 7→ ψ′q(1) +ψ′′q (1) increases
on (1,+∞). Moreover, for q ≥ 2,












Then, limq→+∞ψ′′q (1) = 0. Also, ψ′q(1) ≥ logq, and limq→+∞ψ′q(1) = +∞.




q (1) < 0 for q ∈ (0,p0) and
ψ′q(1) +ψ′′q (1) ≥ 0 for p ≥ p0.
By equation (1.10), we get
ψ′q(1) +ψ
′′
q (1) ≥ ψ′q(1)(1−ψ′1
q
(1)).
Since, ψ′q(1) ≥ 0 and the function z(q) = 1 − ψ′1
q
(1) increases on (0,+∞).
Furthermore,
z(9/2) = 1− (log9/2)2∑∞n=1 n(9/2)n−1 . Since, for n ≥ 2, (9/2)n −1 ≥ (6/5)4n.
Then





























Hence, I ⊂ (3,9/2).
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Figure 4: ψ′q(1) +ψ′′q (1)
Lemma 3.5
(1) For all q > 0 and x > 0, 2ψ′′q (x) + xψ′′′q (x) ≥ 0.
(2) For q ≥ 1, and x > 0, ψ′(x) + xψ′′(x) ≤ ψ′q(x) + xψ′′q (x) ≤ logq and for
q ∈ (0,1) ψ′q(x) + xψ′′q (x) ≤ 0
(3) The function xψ′q(x) increases on [1,+∞) for every q ∈ [p0,+∞) and de-
creases on (0,1) if q ∈ (0,p0).
Proof. 1) Let q ∈ (0,1) and ϕ(x) = 2ψ′′q (x) + xψ′′′q (x), then
ϕ(1 + x)−ϕ(x) = 2ψ′′q (1 + x) + (1 + x)ψ′′′q (1 + x)− 2ψ′′q (x)− xψ′′′q (x)
Since, ψ′′′q (1 + x)−ψ′′′q (x) = −q
x(1+qx(4+qx))
(1−qx)4 (logq)
4, By Lemma 3.3 we have




x(1 + qx(4 + qx))
(1− qx)4 (logq)
4.
By Lemma 3.3 we get
ϕ(1 + x)−ϕ(x)≤ −q
x(logq)3
(1− qx)4 (3(1 + q
x)(1− qx) + x logq(1 + qx(4 + qx)).
For u ∈ (0,1), let j(u) = 3(1 + u)(1 − u) + logu(1 + u(4 + u)). By successive
differentiation we get j ′(u) = 4+1/u − 5u +2(2+u) logu,
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j ′′(u) = −3 + (−1 + 4u)/u2 + 2logu and j ′′′(u) = 2(−1 + u)2/u3 > 0 on (0,1).
Then, j ′′(u) ≤ j ′′(1) = 0 and j ′(u) ≥ j ′(1) = 0. Thus, j(u) increases on (0,1)
and j(u) ≤ j(1) = 0. Hence, for all x > 0 and all q ∈ (0,1)




Or ϕ(1 + x) ≤ ϕ(x) for all x > 0 and then, for every n ∈ N and x > 0
ϕ(x +n) ≤ ϕ(x). (3.13)
One shows by a similar method as in the Lemma 3.3 that
ψ′′q (x) < −
qx
(1− qx)2 (logq)
2 < ψ′′q (x +1).




q (x) = limx→+∞xψ
′′′
q (x) = 0. By equation 3.13 and as n → +∞ we get
ϕ(x) ≥ 0 for all x > 0. Which gives the desired result.




(x) and the result
follows.
2) Let s(x) = xψ′q(x), then, s′(x) = ψ′q(x) + xψ′′q (x) and s′′(x) = 2ψ′′q (x) +
xψ′′′q (x). By the previous item we deduce that s′(x) increases on (0,+∞) for
all q > 0. Since, lim
x→∞ s
′(x) = 0 if q ∈ (0,1) and = logq if q > 1. Which gives
the desired result
3) We saw by item 2 that s′(x) increases, then for every x ≥ 1, s′(x) ≥
s′(1) = ψ′q(1) +ψ′′q (1) ≥ 0 for all q ∈ I . Hence, s(x) increases on (1,+∞) for
q ∈ I .
Proposition 3.6 For all q ∈ [p0,+∞) and all x > 0
ψq(x) +ψq(1/x) ≥ 2ψq(1).
For q ∈ (0,p0),
ψq(x) +ψq(1/x) ≤ 2ψq(1).
Proof. Let U (x) = ψq(x) + ψq(
1
x ), then U
′(x) = 1/x(xψ′q(x) − 1/xψ′q(1/x)).
If x ≥ 1, then by Lemma 3.5, and the fact that x ≥ 1/x we get U ′(x) ≥ 0
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for all q ≥ p0. Hence, U (x) increases on (1,+∞) and by the symmetry
U (x) =U (1/x), it decreases on (0,1). Then U (x) ≥U (1).
If q ∈ (0,p0), then xψ′q(x) decreases on (0,1), since 1/x ≥ x then, U ′(x) ≥
0 andU (x) increases on (0,1). By the symmetry U (x) =U (1/x), it decreases
on (1,+∞). Then U (x) ≥ U (1).Thus, U (x) ≤ U (1). Which completes the
proof.





Proof. Firstly, remark that the function v(x) = ψq(x)ψq(
1
x ) is invariant
by the symmetry v(1/x) = v(x). So, it is enough to prove the result on
(1,+∞) for all q > 0.























For x ∈ (1,xq), then x > 1/x, and By Proposition 1.6 and Proposition
1.11 we have, the function w(x) decreases. Then w(x) ≤ w(1/x). Moreover,
v(x) > 0, hence, v′(x) < 0 and v(x) < v(1).
For x ≥ xq, ψq(x) ≥ 0 and ψq(1/x) ≤ 0 hence, v(x) ≤ (ψq(1))2.
















If x ∈ (0,1/zq)∪ (zq,+∞), then the reversed inequality holds.
The sign of equalities hold if and only if x = 1.
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Proof. 1) Let U (x) = ψq(x) +ψq(1/x). From Proposition 3.6, we conclude
that for q ∈ (0,p0) the expression 1U(x) is defined for all positive x > 0.













2) From Proposition 3.6, and the fact that for q ≥ p0, U (x) increases
on (1,+∞) and U (1) = 2ψq(1) < 0, limx→+∞U (x) = +∞, we deduce that
there is a unique zq ∈ (1,+∞) such that U (zq) = 0 and U (x) is defined and
negative for all x ∈ (1/zq, zq). The fact that zq > xq follows from the relation

















Since, ψq(x) increases and is negative and by Proposition 1.6 and Proposi-
tion 1.11 xψ′q(x)/ψq(x) decreases on (1,xq) for q > 1 and is negative. Then,
we get for x > 1H ′(x) > 0 andH(x) increases on (1,xq). Thus,H(x) ≥H(1) =
1/2ψq(1).
If x ∈ (xq, zq), then ψq(x)ψq(1/x) < 0 and ψq(x)+ψq(1/x) < 0, then H(x) >
0. Hence, H(x) > 1/2ψq(1). One deduces the result on (1/zq, zq) by the
symmetry H(x) =H(1/x).
If x ∈ (0,1/zq) ∪ (zq,+∞), then U (x) > 0. Moreover, ψq(x)ψq(1/x) < 0.











Since, the function x 7→ ψq(1/x) decreases on (0,+∞) and zq > 1. One de-
duces the desired result.
As a consequence and since, p0 > 1, by letting q → 1−, we get the fol-
lowing corollary
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